Quantum Fisher information is related to the problem of parameter estimation. Recently, a criterion has been proposed for entanglement in multipartite systems based on quantum Fisher information. This paper studies the behaviours of quantum Fisher information in the quantum kicked top model, whose classical correspondence can be chaotic. It finds that, first, detected by quantum Fisher information, the quantum kicked top is entangled whether the system is in chaotic or in regular case. Secondly, the quantum Fisher information is larger in chaotic case than that in regular case, which means, the system is more sensitive in the chaotic case.
Introduction
In the field of quantum chaos, [1−3] the central problem is to study the special properties of a quantum system when its classical correspondent is chaotic. Some concepts have been used to characterize quantum chaos, such as decoherence, [4, 5] sensitivity to perturbations, [6−8] fidelity decay, [9−11] and entanglement. [9,12−26] Spin squeezing is a useful tool to detect the quantum entanglement and the spin squeezing parameters can be used as entanglement witnesses. [26−37] The definitions of spin squeezing parameters are not unique and there are two most popular spin squeezing parameters. The first spin squeezing parameter, introduced by Kitagawa and Ueda, [30] is related to pairwise entanglement and in Refs. [18] and [21] , the authors mainly study the properties of this spin squeezing parameter in quantum kicked top (QKT) model and Dicke model. The authors consider the initial states as coherent spin states, at the early period the states turn to be spin squeezed. As time goes on, the states become non-squeezed when the initial states are in the chaotic region, while the states will be squeezed for a considerable long time when the initial states are in the regular region. The second spin squeezing parameter, introduced by Wineland et al., [29] is related to multipartite entanglement. In the following discussions, we use this parameter to describe the spin squeezing and multipartite entanglement.
Errors of quantum measurement are inevitable, thus it is useful to study the characters of sensitivity to measurement errors. Quantum Fisher information (QFI) [38−43] provides a fundamental limit above which the quantum states can be distinguished by measurement. In Ref. [43] , the authors found that the QFI provides both a criterion for multipartite entanglement and a necessary and sufficient condition for shotnoise phase estimation. The authors also found that the criterion of entanglement given by QFI is stronger than that given by spin squeezing parameter.
The QKT model is a typical model to investigate quantum chaos, [16−18,44−47] and the entanglement, described by concurrence and entropy, can indicate the presence of quantum chaos. [16] [17] [18] 47] In Ref. [47] , the authors provide experimental proof that entanglement and sensitivity to perturbation can be taken as a quantum signature of chaos in the QKT model. In this paper, we study the evolutions of the QFI in the QKT model. We find that, the behaviours of the QFI are strongly influenced by quantum chaos. When the initial state is in regular region, the evolution of the QFI exhibits quasi-periodic behaviour, while when the initial state is in the chaotic region, the evolution becomes irregular. By using the QFI to characterize the entanglement of the QKT model, we find that the system is entangled whether the initial state is located in chaotic or in regular region and the result coincides with that given by linear entropy. By using the QFI to characterize the phase estimation, we can find that the phase sensitivity of this system in the chaotic case is stronger than that in the regular case.
The paper is organized as follows: In Section 2, we introduce the QKT model and describe its classical correspondent. In Section 3, we study the evolution of the QFI in the QKT model whose classical correspondent is chaotic. The conclusions are finally given in Section 4.
Quantum kicked top
The Hamiltonian of the QKT can be written as [44−46] 
where J i (i ∈ {x, y, z}) are angular momentum operators and the magnitude J 2 = j(j + 1) 2 , τ is the periodic time between kicks and without loss of generality, we set τ = 1 in the following. The first term in Eq. (1) describes a nonlinear precession around the z-axis of strength κ. The second term describes periodic kicks, which corresponds to a rotation about the y-axis. The kicked term is applied at time intervals of nτ with strength p. We turn to the Heisenberg picture, the expectation values of the angular momentum operators can be written as
where U is the Floquet operator describing the unitary evolution for each kick,
with = 1. The QKT shows chaotic dynamics in the classical limit as j → ∞. [44−46] The expressions for the components of angular momentum are given as X = J x /j , Y = J y /j and Z = J z /j . For the special case of p = π/2, we have the classical equations of motion
the variables {X, Y, Z} obey the relation X 2 + Y 2 + Z 2 = 1 and can be written as
in polar coordinates, θ is the polar angle and φ is the azimuthal angle. Thus, the transformation gives a two-dimensional map. From Refs. [16] and [17] , for small values of κ, the classical phase space is dominated by islands of regular (periodic) motions, which is destroyed as the κ increases. For κ = 3, the phase space becomes mixed with regular and chaotic regions and we show the stroboscopic phase space map of the QKT with κ = 3 in Fig. 1 . To study the dynamic behaviours of the system, we should choose the initial states centred in both regular and chaotic regions of the corresponding classical phase space. From Fig. 1 , we find that the point (θ, φ) = (2.25, −2.2) is in the critical region and then we consider the classical characteristic of the critical region. We plot the evolution of the classical equations of motion for different κ with θ = 2.25, φ = −2.2, from Fig. 2 , we find that there are bifurcations for the angles θ and φ. When κ = 3, there are two stable points, namely, the initial state whose classical correspondent is in the period-two region and the period-two region can be viewed as regular region. 050510-2
Quantum Fisher information
The QFI is a fundamental of estimation theory in statistics. [38−43] We consider a quantum state denoted by ρ (ϕ), which is supposed to depend on an unknown parameter ϕ. Consider a measurement to realize the system, no matter how to design the method to measure the system, there is an unavoidable error associated with the measurement. The variance of ϕ is limited by quantum Cramér-Rao lower bound
with F [ρ (ϕ)] the QFI, given by
where L ϕ is the so-called symmetry-logarithm derivative (SLD), given by
When ρ (ϕ) is a pure state, it is generated by the following rotation:
where
2 , since tr [ρ (ϕ) J n ] = 0. In Ref. [43] , the authors give a sufficient condition for multipartite entanglement by using the QFI
We consider the spin squeezing parameter defined by Wineland et al., [29] 
where N = 2j is the total number of qubits and the subscript n ⊥ is the axis perpendicular to the mean spin direction n = J / | J |. When the state satisfies the inequality ξ 2 < 1, the system is entangled [14] and spin squeezed. [29, 30] From the uncertainty relation
we obtain
Therefore, the new criterion for particle entanglement χ 2 < 1 is stronger than the spin squeezing condition ξ 2 < 1. For the reason that the QFI can be stronger described by the entanglement of quantum system than spin squeezing and the QFI provides the ultimate limits for parameter estimation, we can study the properties of the QFI in the quantum chaos. To connect the quantum and classical dynamics of the QKT, [44−46] we start with the coherence spin state (CSS), whose centre is a point in the classical phasespace, the CSS is defined as
where −π ≤ θ ≤ π, 0 ≤ φ ≤ π; |j, j is the eigenstate of J z , with the eigenvalue j. The rotation operator is defined as
The expectation value of the angular momenta in this state is given by J =(J x , J y , J z ) = j (sin θ cos φ, sin θ sin φ, cos θ). The evolution is controlled by the unitary operator U , the state vector at step n is given by
where U is defined in Eq. (2). For quantum measurement, there are the shotnoise limit, where the uncertainty scales as 1/ √ N and the Heisenberg limit, where the uncertainty scales as 1/N . In Ref. [43] , χ 2 < 1 is not only a sufficient condition for particle entanglement, but also a condition for shot-noise phase estimation sensitivity. In Fig. 3 , we plot the evolution of the QFI with different initial states. We find that no matter which region the initial state is in, χ 2 is always smaller than 1 after the first kick. It means that in the QKT system, after the first kick, the state is entangled. When the initial state is at the fixed point, the evolution of χ 2 shows periodic behaviour [ Fig. 3(a) ]. When the initial state is in the period-two region, the evolution of χ 2 shows quasi-periodic behaviour [ Fig. 3(b) ]. We can find that the evolutions of χ 2 are declined at first in the regular case and it takes a relatively long time for χ 2 to obtain the minimal value in the regular case and the minimal value persists a short time. Comparing Fig. 3(a) with Fig. 3(b) , when the initial state is at the fixed point, the minimal value of χ 2 is smaller than that in the period-two region, on the contrary, the existed time of the minimal value in the period-two region is longer than that at the fixed point. When the initial states are in the chaotic region, as shown in Figs. 3(c) and  3(d) , the evolutions of χ 2 become irregular and the curves are declined at first and rapidly reduced to a small value. Here we give the average value of χ 2 with different initial states, as shown in Fig. 4 . Comparing  Fig. 4 with Fig. 1 , we can find that the average value 050510-3 of χ 2 is larger in the regular region than that in the chaotic region. By studying QFI, we find a very good quantum-classical correspondence. To determine whether a state is entangled, we just need to measure the collective operators, which are particle populations in many cases. Thus, spin squeezing parameter is a useful tool to detect entanglement. The spin squeezing parameter ξ 2 is the ratio of the fluctuations between a general state and a CSS in the determination of the resonance frequency in Ramsey spectroscopy. Thus, this parameter is associated with improvement of measurement precision. References [26] - [28] proved that a many-body system is entangled when ξ 2 < 1. Spin squeezing is very sensitive to the quantum chaos. [21] We compare spin squeezing parameter ξ 2 with the QFI in Fig. 5 . If we consider the spin squeezing parameter, the classical chaos suppresses the spin squeezing [21] and enhances the entanglement quantified by the linear entropy.
[13] Thus, we can say that the spin squeezing parameter ξ 2 is smaller than 1, the system is entangled, but the converse is not hold. Here, we consider χ 2 in this system, no matter which region the initial state is in, χ 2 is always smaller than 1, implying that the system displays entanglement. Thus, the QFI describing the entanglement coincides with the linear entropy. In Fig. 5 , we plot the evolution of the uncertainty, the system always satisfies the uncertainty relation. In the following, we consider the average values of χ 2 for different N , whose initial states are in the regular and chaotic regions. If we choose the initial state located at θ = 2.25, φ = 1.8, whose classical correspondent is in the chaotic region, we plot the average values of χ 2 with different N on a log-log scale, displayed in Fig. 6 . the sensitivity of the QKT system is not as well as that in the chaotic region. In general with the same N , the average values of χ 2 in the regular case are larger than those in the chaotic case. And the average values of χ 2 are the largest when the initial state is at the fixed point and the smallest in the chaotic region, namely, the system is more chaotic, it is more sensitive in phase estimation.
Conclusion
In this paper, we study the QFI in the QKT model whose classical correspondent exhibits the chaotic and regular behaviours, we find that the QFI strongly influences the quantum chaos. According to the average values of χ 2 , the system is more sensitive in phase estimation when the initial states are in the chaotic region. We have found that the QFI can well describe the quantum chaos. The χ 2 < 1 can be viewed as a criterion of quantum entanglement, the system displays entanglement both in the chaotic and in the regular cases. For the evolutions of χ 2 , when the initial states are in the chaotic region, the evolutions of χ 2 are declined quickly. Thus for the phase estimation, the system in the chaotic region is more useful than that in the regular region. Consider the average value of χ 2 with respect to kicked times for different N s, we can find that if the initial CSS is in the chaotic region, the QCR bound of this system approaches the Heisenberg limit. We believe that similar results may also be found in other models that exhibited quantum chaos, e.g. the Dicke model.
